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SUMMARY

An alrplane in steady rectilinear flight was assumed
to expserience an initial disturbance in rolling oFf yawing
velocity. The equations of motion were solved to see if
it were possible to hasten recovery of a stable alrplane
or to secure recovery of an unstable alrplane by the ap-

plication of a single lateral control following an exponené

tial law.

The sample computations indicate that, for initial
disturbances complex in character, it would be difficult
to secure correlation with one type of exponential control.
The possibility is visualized that two-control operation
may serlously impair the ability to hasten recovery or
counteract instability.

INTRODUCTION

An investigation was recently made for the National
ALdvisory Committee for Aeronautics of the motion of the
two~control airplane (i.e., one with either aileron or
rudder control eliminated) in rectilinear flight following
initial disturbances due to gusts or other causes.

The general plan of attack was as follows. An air-
plane in steady rectilinear flight was assumed to experi-
ence an Initial disturbance in rolling velocity or yawing
velocity. 1Its motion without application of the controls
was found (by the use of operator methods) and appropri-
ately plotted. Then a single control (either rudder or
aileron) was assumed as being applied in a simple fashion
realizable by = pilot. The cquations of motion were aga@iin

¥
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solved, and the results plotted. From the solutions of
the equations and from the curves, it was sought to answer
the following questionsg: :

l, TUnder such types of iritial lateral disturbances,
is it mossible to hasten recovory subgtantially in the
case of a stable airplane by the anplication of only a
single lateral control?

2+ Under such types of initial lateral disturbances,
is it possible to secure recovery in the case of an un-
stable airplane by the application of only a single lat-
ernl control?

The curves obtained as a result of typlecal calcula-
tions and gqualitative answers (which avpear to be of somo
degree of gencral applicability) to tho foregoing ques-
tions aro prosentcd in this note.

Tho application of the controlsg 1s represented by an
exponontial law, with a negative exponeont, so that the
control at maximum power whon first introduced into the
motion can be decrcased more or losg rapidly with time.

Thus, 1if the equations of lateral motion are writton
in the form:

D(D=7T,) v = (Y,D+ WD+ g)o + (U,D =~ g8, = ¥ D)V =0
~ Lyv + (D =~ Lp) p = L.r =20

~ N.v - Npp + (D —_Nr) r = O

Tho offect of the confrols can be introduced by ro-
writing the cquation asg:

D (D~ Yy) v~ (¥ D+ WyD + g)p + (UgD = g8y = ¥pD)y =0

_ [
—va+(D—Lp)p-Lr-—Loe

nt

Noe

=4
Lx}
N
tr]
i

- Nyv = Np + (D =1

The maximum power of the controls can be changed by
giving L, and N, different values, and the rate ot

which the controls decrease in power can be changed by
glving 17 and »n different negative values.
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The effect of iniltial disturbances Pps» To» ¥V, can
be studied by writing:
D (D~ %) v = (YD + WD + gl + (U, -~ g8y = ¥T,D)¥ =0
-~ L v+ (D=1IL:)p ~DLor=0D + I et
v p’ P o Po o~
-~ Nov - N_p + (D = Np) r = Dr, + N, e®?
v pP r o o

The operator methods of solution of these equations
are now so well understood as to need no explanation in
the present note. o

The calculations were applied to the following air-
crafts: T

I -~ The N.A.C.A. "average!" airplane of slightly un-
stable charascteristics, in horizontal Flight at cruleing
attitude, '

IT - The Bristol "Fighter" at an angle of attack of
0°, giving stable characteristics, in gliding flight.

TIII « The Brigtol "Fighter" at an angle of attack of
16° near the stall, giving unstable characteristics, in
gliding flight. - T T

Similar investigations were made with initial disturb-
ances ir angle of bank which, of course, indirectly pro-
duce disturbances or motiong in rolling and yawing veloci-
ty, as woell as in sideslip velocities. Other calculations
were also made 1n regard to the application of constant
couples ond of constant couples eut off at a point prior
to resumption of an even keel by the aircraft. The results
of these calculations are on file with the Committee and
will not be dealt with in the present note. It may be
said, however, that these calculations lead to conclusions
in general fundamental agreement with the conclusions drawn
from the calculations summarized in the present note.

.Acknowledgnents and thanks are due to Perry A. Peppor
and Harry Goldstein, formerly graduate students of the
Daniel Guggenheim School of Aeronautics, New York Univer-
sity, whose assistance was invaluable in the computations,
graphical analysis, and general conduct of the investiga-—
ticn. Thanks are =21lso due to the technical staff of the
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Comnittee for help given in discussions prior to the be-
ginning of the invostigation and in review of the work
prior 3o 1ts release in the technical note.

I - CALCULATIONS FOR TEE N.A.C.A. AVERAGE AIRPLANE
Characteristics of the Average Airplane
The airplane selected for the first set of experimental
calculations was the N.A.C.A., average airplane as described
in reference 1:
Type: Monoplane, two-passenger; aspect ratio 6; rec- .
tangular, rounded-tip, Clark Y wing; dihedral

angle, 10,

Dimensions: : -

Woight . . . . . . . . . . . 1,600 1b.

Wing span . . . . . . . . . 32 ft.

Wing area -« s +- % & '« . . . 171 sq. ft.
Area of fin and rudder . . 10.8 sq. ft.
Tail length . o ¢« « « « .« l4<6 ft.
mleg® e e e e e e e 1,216 slug—fts2
mkg® 4 v o v v 4 e . -« . 1,700 slug~ft.S®

Stability derivatives: Taken for cruising speed,

U, = 150 £t./sec.; O = 0.35

Ly . L. Lg N, N, Ng
~5.44 1.11 ~2.186 ~0.207 ~0.913 5.52
Ly = Ny =
Lg/U, Wg/U,

= =0,0144 = 0.,0368
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One condition for lateral Bﬁability ig commonly taken
to dbe

LN, > LN,

Substituting from the foregoing table, it is found
that L, N, = 0.01315 aund LN, = 0.04085, so that the

airplane is spirally unstable as night be inferred from
the low value of the dihedral.

The values of the four roots of the determinantal
equation are:

Ag = = 5.43422 o
Ay = = 0,47387 £ 2,35095 1

3

An alrplane with a slight degrees of spital instabil-
1ty is definitely of interest in the study of two-~control
operation. Since the effect of the dihedral varies with
the attitude of flight and becomes uncertain at high an~
gles of attack, even an agirplane with large dihedral may
be spirally unstable in certain attitudes.

Free Motion under Initial Disturbances

An obvious preliminary %o the study of two—control
operation is the study of the free motion under initial
disturbances, so as to establish what the controls have to
accomplish in securing or hastening recovery. Initial
disturbances night be introduced into the motion by con-~
- gidering the effects of certain gusts and imagining these
gusts to cease at & given instant. For the purposes of
this investigation, it 1s, however, quite as useful to in-
troduce arbitrary initial disturbances following the prac~
tice of British writers on allied topice, Nor is the mag-
nitude of such disturbances particularly imnortant, so long
as they are within the wmower of the_controlling moments{_

The first initial digturbance studied was that of a
rolling velocity Po, = 0.5 radian per second, which might
be lmagined as being introduced by a very powerful and
briefly acting gust under one wing %ip, with yaw provented
by the rudder; or it might be regarded as the regidual no-
tion due %o over-energetic application of the ailerons.
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The complete solutions for motions in roll and yaw
due to the initial disturbance P, are given by the fol-

lowing equations:

D = 0.00254e0°02898% ,  aggpeB-4342%
+ 0.0088670:47387% ooq (2,35095¢ + 1,4710) (I-1)
r = 0.01873s°°02898% o 1495,—5.4342%

- 0.0371e70-47387% .o (2.35095%t ~ 0.4540) (I-2)

These motions are illustrated in the curves of fig-
ures 1 and 2,

The resulting motion in p is therefore compounded
of an exponential term with a small coefficient that in-
creases slowly; an exponential term with a large coeffi-
cient but very rapid damping; and an oscillation of small
amplitude that is damped more slowly. A4s indicated in
figure 1 the final effect, if the airplane is left to 1t-
self, is a small, practically constant rolling velocity
which, of course, could not be left uncorrectod in practice.

Tho resulting motion in r is of similar character
to that in p, Dbut it will be noted that the exponcntial
term which increases slowly (i.e., the "spiral dive" tern)
has a much larger coefficient; that the rapidly damped oxw
poncantlial term has & much sgmaller coefficient (as would de
oxpocted since thig term is related to the powerful domp~
ing of the wings in roll); that the oscillatory term (fre-
quontly called tho "Dutch roll' term) has a much greator
amplitudo. As indicatod in figure 2, the final effoct, 1if
the airplanc is left to itself, is a practically constant
Yawlng velocity much larger then the constant rolling ve-
locity referred to in the preceding peragraph. The con-
stant yoawving velocity also could not be left uncorrected
in practice.

It 1s important to note that the initlal disturbance
in roll p,, resultw in a greater disturbance in yew then

in roll after 1 second.
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While not greatly pertinent to the problem of two-
control operation, it is interesting to discuss the initial
free motion, and particularly the reason why, with an ini-
tial roll to the right, the initial yaw is to the left,

Originally when p =p, and § = v =7 =0 these are ob~
tained as the sole equations:

Dp = Iyp,

Dr = N

With L, large and negative, the nositive motion in p
rapidly damps. At the same time with Ny, small and nega-

tive, r changes immediately from zero to & small nega-
tive value. Eventually the positive sideslip following on
the positive roll, makes Nyv so much larger than Npp

(with v decreasing) that the swing or yaw is to the right.
These congiderations are in a~vreement with the motion shown
in figure 2. '

Correlation of the Rolling Controlling Moment in

the Form Lye'® with Motion Due
to Po

It is impossible to say what a seatlent pilot would
do with an airplane of this type when confronted with an
initial pure rolling velocity disturbance. To calculate
the very "best! possible control effort by mathematical
methods seems a difficult task, and the result of such math-
ematical mosthods might lead to a complexity of motion of
the control stick that would be quite beyond the capacity
of a human pilot. Therefore, there is much to be saidlgor
the introduction of & rolling control in the form Ige” .
The effectg of such a control are comparatively simple to
evaluates By the method of changing L, and 1 it is

vossible to study changes in power and changes in rate of
decrease of power guite flexibly. Again from physical
considerations, it 1g not unreasonable to, imagine that,
faced with a violont roll, the pilot should counteract
powerfully with the ailerons and gradually ease off the
stick as the roll is checked and the airplane returas to
an eoven kosl,
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In the original calculations meny values of Ly and

! were ftried, in the endeavor to find the best correla—
tion between the initinl disturbance and the counteracting
action of the ailerons. It was necessary, of course, not
only to secure the best correlation from considerations of
the motitn in p but also from conglderations of the mo-
tion in r. (Similarly multiple and varied calculations
were carried out in all other cases studied and thisg mul-
tiplicity of calculation and seleétion of the best combine-
tion will in future be taken for granted.)

Ags o resuvlt of these lengthy calculatlons and the
plotting of the corresponding curves, it was found that

the mosgt suitable values to insert in the ferm LoeLL
were:
Lo . 1-609
T =~ 3
The comrlete equation of motion in p taking both ’
the initial 10ll p, = 0.5 radian per second and the im- ;
pressed control into account, then becomnes -

p = 0.00254.-e°'03895t + 0.49676"5-4-3_42{7
+ 0.0088e7°°%7387% 45 (2.35095t + 1.4710)
~ 1,609 [O.4025é‘3t 4 0.001760+02898% _ o 40gge=5-4342%

+ 0.00496°0+%7387% o (2.35095% + 0.7784)1 . (I=3)

r = 0_0187360.02896t + 0-014956—5'434215
~ 0.0371e”°"%7387% 45 (2.35095% = 0.4540)

- /
- 1.609 {~ 0.0077e” 3% 0,0125ed.éasgst

~0.0123078+4348% .5 007870 472878 L4 (2,35095%~1,2035)
(1-4)
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The curves obtained from these equations are shown in
figures 3 and 4.

When equation (I-3) in p is examined, it is seen -
that s

(1) There is a term 0,00254e°:°2896%  ghich slowly
incroeases with time., This is the spiral dive tern,

(2) Thore is a term due to damping in roll,

0496707 5%*348 % = gnich is so rapldly damped that it has
little inmportance. o —

(3) There is a Dutch roll term, 2o damped oscillation,
which damps nuch nore slowly than the roll

0.0088e™0°47387% o (2.35095%t + 1.4710)

The effect of thoe impressed control ~1.609073%, asg
further exanination of equation (I~3) indicates, is to
provide:

(1) A term, =1.609(0.0017)e0:02856% _

~-0.00273¢9+02896%  .pich ig almost precisely equal and
opposite to the spiral dive term of the equation in p,
alone. e

(2) A torn due to damping in roll,

~1.609(~0.4088)e"5-4342%  _.14ch is so rapidly danped as
to be of no importance. '

(3) A term in Duteh roll, =1.609(0.0049)0"0-47387% L

cos(2.250954+0.,7784) = =0.0079e"0+47387% ,455/0,35095t+0.7784),
whose amnplitude is alnost equal and opposite to the Duteh
roll ternm in P, alone.

(4) The "impressed-nonent® ternm, ~l.609(0.4025)e—3t,
which is very large at first but decreases rapidly

Reviewing the foregoing statements and comparing fig-
ures 1L and 3, it 1s seen that:
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The ‘effect of introducing the controlling moment

~1.6096 %% 15, first of all, to reduce p, to an initial

Zzero very much more rapidly, to remove the slowly incroas-
ing term, and to reduce the amplitude of oscillation vir-
tually to the vanishing point.

The matching of the effects of P, and LOOLt on

the motion has beon very successful,

In figuro 3 there have been plotted the results of
introducing an adverse yawing momont (supposed to accompo-
ny the rolling moment of the ailerons) reopresented by

0.2880~3t and the resulty of introducing a similar favor-
able yawing moment (likewisc supposed to accompany the
rolling moment of the ailerons). It is secen that neithor
the adverse nor the favorable yawing moment affects tho
motion in p very much.

When the equation (I-4) is examined, it is observed
that:

(1) Thore is a torm, 0.0187390‘02896t, which in-
croases very slowly with time, behaving almost as = con-
stant.

(2) There is a torm due to demping in roll,

0.014950—5'4342t, vhich damps out so rapidly as to be of
negligiblo importanco. '

(3) There is a Duteh roll term, ~o,03710‘°~47337t

cos(2,35095% -~ 0.,4540), which amounts to a damped oscil-
lation, tho damping occcurring much more slowly than that
of the roll.

t

The impressed rolling moment -1.609e6 2 is soen to

provide:

(1) & term, =-1.609(0.0125)¢°"%28%6%

~0.0201¢°:°2898%  Syjch is slmost equnl and opposite to
the spirel dive term, :

(2) A term due to damping in roll,

~1.609(=0.0123)e"8%328% _ . 01987 5-4348%  gnich damps
out too rapidly to be of any importance.
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(3) A Dutch roll tern, _1,509(0.0218)9—0-47387#

cos(2.35095t~1.2035 = ~0.0B8516™ 047387t co5(2,35095t~1.2035).
This term roinforces, to a certain extent, the Dutch roll
tern due to alone, but the phase difference nullifios
this increase %o sorite extent.

-3t
(4) An inpressed-nmonent term, =1.609(=0.0077)e =

0.0124e"3t, which danps out rapidly and is always relative-

1y snall,

It is also interesting to compare the curves of figure
2 and the solid curve of figure 4.

It will be seen that the appllication of a sinple rollw-

ing nomnent —1.6093~3t- produces excellent correlation.

The naxinum anplitude of the motion in r 1s reduced to
about one~fourth the naxinun amplitude in r due to P,

alone. The residual term irn r disappears, and the an-
plitude of the oscillation is reduced to negligibdle pro-
portions. Recovery in r nmnay be considered very satis-
factory.

The dashed curveg of figure 4 also indicate that the
introduction of both favorable and adverse yawing nove-
ments is actually detrimnental to the nmotion in r,

The curves of figures 5 and 6 throw further light on

the subject. In these charts are shown the effects of an

inpressed rolling monment of =1.609e °>° acting alone, on

the motion in p and r. It will be seen that the im-~
pressed rolling moment gives curves for p and r sini-
lar in character to the curves in p and r wunder Py
alone (after the maximum displacements in p and T un-
der the inmpressed noments have been obtained).

For thisg particular case of an airplane with sone de-
gree of spiral instability, it follows therefore, that
with an initial disturbing motion Pgs application of a
simple rolling moment of the character I, et will give
excellent correlation and bring gquick recovery of motions .
in both p and r. The application of the aileron in ex~
ponential fashion rapidly brings into being what may be
called 2 "virtual initial disturbance" in roll, This vir-

tual initial disturbance acts in opposite but similar el
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fashlion %to the original initial disturbance in roll and
thus the two annul each other.

Correlation of a Yawing Controlling Moment in

the Form N_o®% with Motion Due to p,

A systematic investigation was made of the effects of
introducing pure rudder control in an attempt to counter-_
act the offect of an initial disturbence Do giving n
succossively, the values n = 0, n = =1, 7 = =2, n = =3,
n = ~4&, It was very quickly found that the only nosslbil~
ity of correlation was when n was nade cgual te ~3 oz
-4, and that the other valuos could be discarded. The
complete oguations of motion bocomo:

For n = - 3 )
c.o0a898t t .
n = 0.00254¢ + 0.4967¢ o 4348
- 0. 7%t
+ 0.00888 O *TP%7Y  0s(2.35095% + 1.4710)

+ No [~cno400e‘3t + 0,00066°°03898% 4 5 0pogo5. 4348t

~ 0.069%g 047387t cos(2.35095% + 1.3786)J (I~5)

r = 0.018’?500’93896_t + 0.01405¢ 54342t

~ 0.0371g °+%73870  ,4(2,25095% ~ 0.4540)
ro _ ' -
R 0,25556 2% + 0,00446°'°2°98% 4 o, 001665+ 4342%

+ 0.2938e70 473878 L, (2,25095t = 0.5519)J (I-6)
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For n = - 4

= 0.0025430’03896t + 0.49679—5.4348t

+ 0.0088e”0°47387% . (2,35095¢t + 1.4710)

+ W [— 0,087967 4% + 0.00056°:92888% 4 ,0893e~ 543428

~ 0.056460°47387% ., 4(2,35095¢ +'1.5399)1 (I~7)
: J
r = 0.018370°¢%2896% 4 o 014957543420
~ 0.0371e70-27387% ,4(2.35095% - 0.4540)
+ No[-»0.22659"4t + 0,0037e0+02826% 4 ,0027¢~5.4342%
+ 0.2392e70-47387% 455(2,35095% - 0.3904)] (I-8)

~at
The motion in p wunder the influence of Nje

alone is shown in figure 7, and the motion in r under
the influence of Noe"4t alone ig shown in figure 8.

When congidering this particular correlation of rud-~
der action with an initisl disturbance Pg there arises
inmediately a difficulty in regard to the orders of magni-
tude of the two motions in p and r. A4s can be readlly
seen from the equationg and curves:

(1) In the motion due to P, alone, the values in
p are far greater than the values in r.

(2) In the motion due to Loelt alone, the values

in p are far greater than the values in r.

(3) In the motion due to Noent alone, the values
in p are far less than the values in r.

Thig difficulty is, of course, a significant and un-
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fortunate circumstance from the point-of two~central oper-
a'bion. ’ ’ ) . o

When equation (I-3) for the motion in p under p,

and rolling nmoment —1.5096~3t ig studied, it 1g readily
gseen that the oscillations are roughly in phase, and that

both the terms in °-°2896% ,nd the oscillations are
very nicely correlated.

When consideration is given to eguations (I-5) and
(I-7) and comparison is also made of the curves of figures
1l and 7, a fundamental dissimilarity is seen in the motion
due to », and that due %o Noent. The rudder introduces
nainly an oscillation and A motlon that is not in phase
with the motion due to p,. Also the rudder_has too small

o coefficient to matech the term in e0:08896%, Hence, as
can be seen from figure 9, the combined motion in p, due
to P, and the rudder, is not much better from recovery

congiderations than the p motion due to p, alone.

When equations (I~6) and (I-~8) and figures 2, 8, and
10 arec £l11 teken into consideration, it is seen that the
action of the rudder in removing the disturbance in r due
to < ig quite ineffectives Even when the value of N,
is made fairly small, the rudder introduces undesirable

nagnitudes of disturbances in yaw.

When the rudder ig used in exponential fashion to cor-
rect the motion in p due to Pq s it improves this motlon
very little, if at all, and it actually increases the os—
cillations in yaw without removing -the residual term.

There is a fundamental lack of correlation between the mo-
tion impressed by the rudder and the motion dus to the ini-
tial Do+ Practically the only beneficial effect of the
rudder, when used in this manner, 1s that it brings the
motion in p to an initial zero more quickly than when

the alrplane is left to itself.

Correlation of a Yawing Controlling Moment in the Form

Noe®% = we™%® yith Motion in p Due to 74

The solutions of the equations of motion in p are:



N.A.C.A. Technical Note No. 615 15

Motion in .p due %o &r, = 0.25 radian per second

p = 0.00050°+02898% _ o 0zpog4e™5- 43420

+ 0,05956 0473878 [ (2,35095% = 1.0138) (I-~9)

Motion in p due to yawing moment -o~4%

D = - 0.000560'03896t;~ 0.08953—5'45f?t - .
+ 0.056400+473878 . (5 350954 + 1.5399) + 0.0879e %% (1-10)

Figure 11 illustrates the motion in p dus to Ty, =

0.25 radian por second and also the motion due to 1y =
0.25 radian per second combined with the lmpressed yawing

moment —e™ 4%, Figure 7 shows the motion in p wunder o
¢4t alone.
Exemination of the solution p. under ry, = 0.25 radi-

an per second slone shows that it contains:

(1) A spiral dive tern, 0.0005e°'°aaget. which in-
creases so slowly in the first 6 seconds that it behaves
as a counstant,

(2) & tern due to danping in roll, ~0.03204 0" 5+4343%
which danns out so rapidly that it has no inportance,

(3) A Dubtch roll term, 0.0595e 0°%7387% .,4(2.35095%

- 1,0138), which represents a damped oscillation, the damp-
ing cccurring at a medium rate, )

The effect of the impressed yawing monent ~e~%t 4y

to provide:

(1) A tern, —0.000Eeo'oaaget, which exactly nulli-
fieg the spiral dive tern. ' .

(2) A term, =~0.08936 5:%3438%  yich magnifies the

term due to danping in roll, but which damps out very rap-
idlye. .
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(3) A term, 0.05646 °°%7287%,,4(2,35095¢ + 1.5399),
which, to a very great extent, nullifies the Dutch roll
because of thae difference in phasc.

(4) An impressed;monont tern, 0.08799*4t, which
danps out very rapidly.

It is quite clear that the motion in p wundoer N
ia of very similar character to tho motion in p under

Noent, hence the effoctiveness in hastening recovery in
P by using rudder control alone when the initial digturd-

ance ig in v,
Gorrelation:of a Yawing Controlling Moment in the Form

Noent = -e~%t  gith Motion in r Due %o Ty

The sgolutions of the eguations of motion are: B

Motion in r due to r, = 0.25 radian.per second

r = 00003750'02896t_—_0.00106—5'4343§_

+ 0.2522e70°47387% 4 (2.35095% + 0.1977) (I-1l1)

Motion in r due to w~e—%"t

r o= - 0.003700.02896t - 0.00276—5.454ét
- 0.2392670:47387% . (5,35095¢ + 0.3903) +-0.22650 Y (I-12)

These notlons and the composite of the two motlons
are illustrated in figures 8 and 1l2.

Examination of the solution for r wunder ry = 0.25
radian per second, alone, shows that it containsy

(1) A spiral dive term, 0.,0037¢°:02898%  Gypicn
increases gso slowly that it behaves as a constant in the
first 6 seconds,
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(2) A torm dué to damping in roll, =0.0010e~5:4343%,
which decreases so rgpidly that it has no importancs,

(3) A Dutch roll term, 0,2522070:47387% ,,4(2,35095%
+ 0,1977), which represents a damped oscillation,

The effect of the impressed yawing moment is to pro-
vides :

(L) A tera, =0.0037¢9+°028%6%  ghich exactly coun-—
teracts the spiral dive term.

(2) A term, —0.00273-5'4342t, which reinforces the
original term due to damping in roll, but which danps out
very rapidly.

(3) A term, =0.,2392¢70:47387% 44,4(2,35095¢ + 0,3903),
which counteracts the Dutech roll to a large extent (becausse
of the small difference in phase and opprosite signs),. _ ——

(4) An inpressed—moment ternm, 0.22659-4t, which

danps out very rapidly but still has importance because of
the nmagnitude of the coefficient.

The notion due to the yawing noment ~o~%% ig gini~

lar in character to that due %o ro,s, &and hastens the re-
covery in r from the initial disturbance rye If there
is a disturbance r,, an appropriate rudder control will
therefore hasten recovery in both p and .

Correlation of the Motion Due to an Initial Disturbance .
Yo = 0,25 radian per second, with That Dus to

Inpressed Rolling Moment, Loezt

By a comparison of the solutions for p and r wunder

an initial disturbance r, with those due to inmpressed

rolling moments, it was found that apparently no choice of
values for L, and 1 in the rolling-nmoment control

Loott succoedod in reducing the notions in p and r due
to r, to ony appreciable extent. Finally values of L,

and 1 were chosen to obtain agroement in phase and to
nake p vanish at t = 6, These valuos are Ig = = 1,997

and L=“‘3.
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Figure 13 pshows the effect of this control on the mo-
tion in p due to the disturbance in r,. There follows

-

en analysis of the solution, term dy term.

‘ F%gure 14 ghows the effedt of .this control on the mo=-
tion in r due to the dlsturbance in  r4. A term-by-torm
anelysis 1s given,

Examination of the solution for p wunder r, alone
showg that it contains the followingt

(1) "A term, 0,0005e0-02898%  the gpiral dive term,
which increases so slowly in the first 6 seconds that it
behaves as a constant.

(2) A tern due to damping in roll, =O. 03206~ 5" 434at’
which damps out too rapidly to be of any imnortanco.

(3) A Dubeh roll term, O0,0595e6 °0-47387% .,q(2.35095¢

- 1,0138), which represents a danped oscillation, the damp-
ing occurring at a mediun rate. -

The effect of the inpressed rolling moment, ~l.997e~3t

is to provide:

(1) A term, —0.0054e°'0289§t, which reverses the
direction 'of the spiral dive and increases it in magnitude.

(2) A term, 0.81639_5'434?t, which reverses the

original roll and greatly increases its magnitudo. Al-
though it damps out very rapidly, it is of some importance
because of—itsg large coefficient.

(3) - A term, =-0.0098e"°"%7287% oo5(2,35095 + 0,7784),
which combats the Dutch roll but only to a small extent
because of the difference in coefficients and the diffor-
ence in. phase (approximately w/2).

(4) 4An impressed-moment term, -0.80386"3t, which

damps out at a rather ropild rate, but is of dimportance be=
cause of its large coefficient. This term producos o no-

tion opposite to that produced by the originul ydwing di g
turbance.

Tho general offect of the impressed rolling moment is,
therefore, to ravorse the motion in p and to increasc
its magnitude.
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Examination of the solution for r wunder r, alone
shows that it contains: :

(L) A term, 0.0037e 0.02886% 4ty gpiral dive ternm,
which increascs so slowly as to behave as a constant dur—
ing the first 6 soconds.

(2) A term, =0.00106"%°%343%  {neo term due to domp-

‘ing in roll, which decreasos so rapidly that it has no im-

portance. . .

(3) A Dutch roll btorm, 0.252207°°%7387% o55(2,85095¢%
+ 0.1977), which represents a damped oscillation.

The effect of the impressed rolling moment, ~1.997e -3%,

ig to provide:

(1) . A term, =0.025000-02896% L yich reverses the
direction of the spiral dive and greatly increases its mag-
nitude,

(2) A term, 0.0246e_5'4342t, which reverses the di~
rection of the term due to damping in roll and increases
it greatly in magnltude. However, this term damps out very
rapidly. . : -

(3) A term, 0,0436e 0°%7387% ,4(2,.35095% - 1,2035),
which increases the Duteh roll but only to a small extent,
mainly because of the difference in phase (almost _ﬁ/2).

(4) An impressed—moment term, =0.0154e~2Y, which
damps out rather rapidly. _

The general effect of the impressed moment, ~l'997o-5#
on the original motion in »r =wunder r, = 0.25 radlan per

segond ig fto shift it slightly to the opposite direction
but to fail completely to reduce its magnitude.

It is possible that the foregolng correlation could be
improved upon by further experimental vplotting., Careful
comparison of the equations, however, does not give much
hope of Dbetter correlation., The disparity 1in the charac—
ter of the two sets of equations is too great,

Thus comparison of the equations in p 1ndicates

that, when the eo.oasget terms are of comparable magni-

tude, the oscillatory term due to v, is 'fdr %too large.
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Comparison of the equations in r =2also indicates

that, when the °-02898% teonpg gare of comparable magni-
tude, the oscillatory term due %o r, is far too large.

The use of.a contrgl of the type Loe.!'17 does not

seem to lend itself to recovery from an initial digturd-

ance of the type r,.

I1 -« CALCULATIONS ™OR THE BRISTOL 'FIGHTER" AT 0°
ANGLE OF ATTACK WITH STABLE CHARACTERISTICS

Characteristics of the Bristol "Fighter" Airplane

The Bristol "Fighter" airplane, as described in refer—
ence 2, was selected for these calculations mainly because
1% is one of the few alrplanes in the world whose lateral-
stabllity derivatives are known. Its characteristics at
a = 0° are as follows:

Weight . . . . . . . . 2,850 1lb,
Wing area « + o « & .« 405 sq. ft.
Semispan . : e e e 19.7 ft.
Chord « + v v & & & o . 5.5 £+,
mey® . . 0 0w . 4 . . 1,700 slug-ft.°
mky® . . . . .. .. 1,700 slug-ft.2

mkza . . . . . . . . . 2,900 Slug"f't 02
e e e e e e e e 163 ft./sec.

v
Ug o 4 e« o v v « o+« 183 ft./sec.
W
8

6 ¢ * e s v 4 e ne s 0 ft./sec.

o e e e e e e -15° = - 0,2618 radian
Yo o o . . ~0.326
Yo = Uy v v v v o e -152.6
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Yo+ Wy oo v o o o o . . =170
X e v o o o v v v e o« . . =0.,091

Ip e e v s+ 4 e u . . =16.80

Ir e e e e e e e e 2,11

Nr . . . . . . . . . . . "Ol635

Gllding—-flight conditions with chord axes were em-
ployed. The value of 6, 1s negative for this condition

with the chord axis 15° below the horizontal and lying
along the glide path. . o L =

The roots of the discriminant equation are: o

a2 = —16.79
Az = -0,4605 + 2,240i

-~0,4605 - 2,2401

>
»
[}

showing the airplane to be stable under this condition of
flight, : .-

Correlation of an Initial Disturbance 1, with an

1t

Inpressed Rolling Moment of the Form Lge and

with an Impressed Yawing Moment of

the Form N eR?

With an initlal disturbance p, = 1 radlan per sacond,

various impressed rolling moments, and various impressed
yawing moments were investigated as in gection I. The so-
lutiong of the equations of motion and the matching of terms
in the composite solutiong were carried out in the same
fashion a8 in section I. Owing to the similarity of the
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work, 1t seems sufficiont to reproduce morely the curvesg
of the best resgults obtained as in figuros 15 and 16, with-
out going into the details of the matching of terms.

The solutions of the equations were as follows:
Free motion after Po
P = p, [0.0001e‘°'°‘”4t + 0.9989¢ 1879t

+ 0,0138¢7°°%805% . (2,040% + 1.4761)] (11-1)
B
T = P, 1—0.01019-0-0474t + 0,0222¢718.78%
L
- 0-03288_0'4605t GOS(Z.EA_:O'b ~ 011777)] (II"B)
J

Motion due %o Loezt where 1 = -~ 5

» = Ig {O.OBSEe_St + 0.00002e70:0474%
L PERE

~ 0.0847e78:79% 4 o, pp27e 04805t

cos(2.240t + l.OlQl)] (1I1~3)
T o= L, [0.0050e‘5t + 0,0021e0-0474t "

~ 0.00196728:7%% . o 00gge 0 4808Y

cos(2.240%t - 0.5575)] (II-4)

Kotion due to Noent where n = ~ 5

» = N, [O.OlSOe‘5t + 0.00009e~0-0474%

+ 0,0063g"26:79% 0,08115C-4605%

cos(2.240%t + 1.2919)] (II~5)
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Motion due to Noent where n = - 5 (cont.)

r = N

s [-o.lsese—st + 0.0063e70-0474%

+ 0.000156~36:79% 4 o, 1gp7e0-4608%

cos(2.240% = o.zeoz)} . (I1I<6)

From figure 15 it is seen that the free motion in p
due to p, -is of the well-damped oscillato¥y character.

When the rolling-moment control —5e“st is superimpossd

on this, the motion in p is very much improved and prac-—
tically disappears at the end of 6 seconds. From figure 16
it is seen also that the motion in =r 1is very much im-
proved by the application of the pure rolling control.

When a yawing-moment control 0.1538e  5° was applied
(vith a positive value of N, owing to the fact that the
signg of the oscillatory term are reversed as the computa-
tions indicated), the charscter of the composite motion in
p was very good indeed, with powerful damping, angd virtual
disapvearance of the motion at the end of 6 seconds. .

But the motion in r was scarcely improved by the im-
pressed yawing moment. As can be seen, the oscillations
were flattened out, but the yawing moment did not counter— .
balance a practically constant (because so slowly damped)
term in gpiral divs. o

The conclusion is, that for o stable airplane also, an
initigl disturbance in roll can be very well handled by a
pure aileron control applied in exponential fashion but
cannot readily be disposed of by exponential application
of the rudder.

Correlation of the Motion Due to an Initial

Disturbance r, with an Impressed Rolling Moment Ioel?

and with an Impressed Yawing Moment Noel®

It is seen from figuré 17 that the motion in p 1is
greatly improved by the application of the rudder. On the
other hand, the sole effect of the enormous rolling couple
(which could not actually be supplied by the ailerons) 1s
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to produce a powerful motion in p in the opposite dirocce
tion at the start and then to give a motion in p which
is substantially similar to the free motion in p.

With an initial disturbance ry = 1 radian per soc—
ond, and an improssed yawing moment =5e °°, there is

very appreciable hastoning of the recovery. (Soc fig.
18.) The poeriod of oscillation is shortened and tho domp<
is much greatver.

On the other hand, theo applicat%on of an enormously
vpoworful rolling couple =52.1667¢ %% 1leaves thc motion
in r substantlally the same as the free motion,

For a stable alrplane, with an initial disturbdance
Tos & pure ruddor control applied in exponentlal fashlon

will hasten recovery in both p and r. The aileron con-
trol so applied has very little eoffect on recovory in ci-
ther p or .

III - CALCULATIONS FOR THE BRISTOL "FIGHTER" AT 16°

ANGLE OF ATTACK WITH UNSTABLE CEARACTERISTICS

The stability derivatives at o = 16° are as follows:

Voo ¢ o v e e « « o« v v . 74,0 ft./sec.
Ug © v v v 4 o v v « « o 71,1 ft./eec.
Wo v v v v v e e e e 40.4 ft./sec.

4,55°

8 0.0791 radilan
Y T T 5

Yr s UO ¢« e « » .« v . "'70091

Y +- W . * . - I- . . . 20.10

I-'v . . . o . . L . . e "00106
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Ny « « ¢ o« « o o « = « « . 0,008
Ny « = « =+« + - . . . =0.092
N 0.204

r L L 4 . - L] . - - . . -

The glide path is 11.55° to the horizontal.

The roots of the discriminantal equation are:

Ay = 0.2346
Ay = =0.2664 + 0.98511

Ay, = =0.2664 ~ 0.98511

so that tho airplane at this angle of attack has some de-
grce of spiral instability.
Froo Motion with Initial Disturbancoe p, =1
Radian poer Sccond

Tho froc motions in p and r are illustrated in R
figures 19 and 20 and by the following eguations:

r o
p = p. |0.00696°°3348% 4 1,0418¢75°07F -
Q L ;

~ 0.1732¢°°-2684% . (0.9851% - 1.2855)1 (ITI-1)
- g

r _
r = p, [ 0.0158e°°2348% 4 5 p196e=5-072%
L

~ 0.0358¢"°°2%%4% . o(0.9851t - o.1542)] (I1I-2)
' d

The free motion. due to an initial motion p, may be
characterized as follows: '

(1) The motion due to damping in roll characterized
by the large negative root =5,079 1is go heavily damped
that it may be practically neglected.
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(2) The increasing term p0(0.01586°'3345t) in the
r motion 1s larger than the increasing term

p0(0.0059e°'3345t) in the p mobtion.

. (3) The oscillatory term in the r motion has
snaller emplitude than the oscillatory term in the p no=
tion,

(4) In the first 2 seconds for the motion in p the
inportant term is the oscillatory term, while for the mo-
tion in r the Important term is that due to the positlive
real roots : - .

(5) The initial motion p, produces an inportant
disturbance in =,

Oomparison of the various, equations, and plotting of
curves not included in the present report led to the so-

lection of 1 = - 3, L, = - 3.2857 as giving tho Dbegt

correlation., While there is at first a revorsal of. the
sign of p (as shown in fig. 19), the incrcasing ternm

containing o°°2%48% 34 oyvidently poworfully counteracted,
and the magnitudo of tho aoscillation is groatly decroascd.

Figurec 20 indicates that the values selocted for ILg

and 1 also eliminate the motion in r rapidly and con-
pletoly. ’

The notion in r is originally a deorivative of the

initial notion Py If LoeLt counteracts the disturbd-
ance in p due to Py» 1% should therefore counteract
the effect of P, in producing =r, Just as the curves

indicate. In other words, an aerodynanic coupling'of the
same character exists between p, and r, as between

Loelt and re.

The value of N, = ~ 0,0970 (with =n = - 3) was se-
lected to noke the value of p = 0 at + = 6. The appli~
cation of yowing monment has little effect on the charac-
ter of the nmotion in p as indicated by the curve of fig-
ure 19,

It is amparent fron figure 20 that, if the notionl%n
r due to Pq hrg becn satisfactorily opp09e¢ by Lge’ ",
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tho introduction of a yawing moment is actually detrimen-~
tol,

Free Motion with Initial Disturbance 1, = 1

Badian per Second

The equations of motion are:

—

» = T, LO.298e°'3346t ~ 0.678e"5:079%

+ 1,654 0-2664t cos(x~y) (0.9851t = 1.3584)] ‘ (11I-3)
r = T, ‘70.67890-2346t - 0,0128¢—5.079%
L

+ 0.3423¢70°266%% . (0.9851% - 0.2071)] (III=4)
g

The free motion in p due to r, indicates decided
instablility dbut with the oscillatory term nuch more power-—
ful in relation to the term produced by the positive real
root. :

The free motion in r due to r, indicates decided
instability, with the term due to the positive real root
80 predoninant as to mask the oscillagtory tern.

The motion in p is well disposed of since the tern
due to the positive real root is eliminnted, and the oscll-
lation is strongly reduced in magnitude as shown in figure
21,

As shown in figure 22, the selection of N, = - 4,239
end n = - 4 after experimental calculations (based on the
idea that the positive real root should be elininated) wos
particularly fortunate. The motion in r disappears very
rapldly. :

As indicated by the equations, the value of L, %o be

enployed in order to nake an impression on the motion in r
due to the positive real ternm has to be enormous., With I,

nade equal to <«85.,467, the motion in r i1s improved by

‘vartial counteracting of the constantly increasing tern, o

but the dangerous oscillation persists. (See fig, 22.)
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At the same tinme, when Loezt is used to make a par-

tlal recovery in the r mnotion due to Toy & very unde-—
slrable increase in the p motion is evidenced.

It is again evident that for a disturbance p,, there
i1s ready correlation with a2 control of the type eLt but
not with a control of the tyve Noent. On the other hand,
with an initial disturbance r,, there is ready correla-—

tion with a rudder control applied exponentially, bdut vory
difficult correlation with a pure rolling control so ap-
pli ods

DISCUSSION

The invostigation presented in this noto may perhaps
be erlticized on the following grounds:

(1} That the introduction of controls following ox=
ponential laws is of an arbitrary character and that &
gkilled pilot might find bettcr nethods of introducing
pure aileron or pure rudder controls with more floxibility
in meceting varying conditions. :

(2) That the aircraft employcd are not of modorn do-
Signo o o
(3) That with more expcrience with calculations of
this sort moro appropriate velucs for the impressed con-
trols night have been found.

(4) Thot those calculations, while no deubt accurate
and starting with permissible assunptions, are of an en-
pirical character and not in the clegant mathematical forn
from wileh zoneraligzations moay be nmado.

The rojoinders might bos )
(1) That it is practicnlly innocsible to cover matho«
natically all possible nmanipulations of tho controls. That
tno conception of .an inprosscd coantrol with rapid decroasc
in pewor is physically dofensible, ginpls, dad closs o o
naripulation which might well be adoptod by a pilot. It is
a bettor conception than onc of constant couplcs adoptod by
Britigh writers, though porhaps infagrior to the idea of
constant couples appropriately cut off. Also thosc expo-
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nential controls have been shown as actually hastening re-
covery, or annulling lnstability.

(2) That it is not necessary that the ailrplanes be
of nodern design. It ig gsufficient that the derivatives
end their ratios be of a reasonable character.

(3) That while better values nmight have been found
with mo¥Ye experience, an enormous range of variations in
both' the coefficient and the exponent of the impressed
controls was covered in the investigation.

(4) That while the calculations are empirical and
not in geéneralized form, it cannot be quite an accident
that the .sane generdl conclusion emerges fron case after
case. Also the physical conception of rudder to oppose
turn, aileron to oppose roll, is in no way violated.

'

‘"CONCLUSIONS

The laborious amd lengthy computations have led %o the
following conclusioneg:

(1) Controls that are exponential functions of tinme,
and decrease in intensity with %ime, are adnissible in the
study of two-control operation or pf control action in

‘general,

"(2) Impressed couples following an exponential law
can actually be nade to hasten recovery or to counteract__
instability. . . - o :

(3) For a sinple initial disturbance of the type
Do the -appropriate exponential control ig'one in roll.

(4) For an initial disturbance of the type p,, cor-

relation with an inmpressed exponential control in yaw is
difficult.

(5) TWhere the oxponential control appropriate to a
disturbance is one in roll, neither adverse nor favorable
vawling nonents of the allerons are desirables

(6) " For a sinple initial disturbance of the tyﬁé Ty
the appropriate exponential control is one in yaw.
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(7) For an initial disturbance of—the type Ty

correlation with an inpressed exponential control in roll
is difficult.

(8) These deductions are applicable %o alrplanes not
departing greatly from the conventional, whether stable or
glightly unstable.

(9) Where initial disturbances are conplex in char-
acter, as they nmay well be, it would be difficult to se-
cure correlation with one type of exponential control.

(10) Bven if circular flight is achieved by two-
control operation, ‘designers of two-~ control aircraft
should guard against the possibility that two—-control op-
eration may seriously impair the ability to hasten recov-
ery or countersct instability. This drawback would be
particularly serious at or near the stall.

Daniel Guggenhein School of Aeronautics,
New Yorx University,
New York, N., Y., July 1937.
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